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For a massive spin i field, we present the reduced spin and helicity density matrix, respectively, for 
the same pure one particle state. Their relation has also been developed. Furthermore, we calculate 
and compare the corresponding entanglement entropy for spin and helicity within the same inertial 
reference frame. Due to the distinct dependence on momentum degree of freedom between spin and 
helicity states, the resultant helicity entropy is different from that of spin in general. In particular, we 
find that both helicity entanglement for a spin eigenstate and spin entanglement for a right handed 
or left handed helicity state do not vanish and their Von Neumann entropy has no dependence on 
the specific form of momentum distribution as long as it is isotropic. 
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Quantum information theory is usually formulated in 
the framework of non-relativistic quantum mechanics, 
since particles moving at relativistic speeds may not be 
needed to realize the promise of quantum information 
process such as quantum computation. However, relativ- 
ity, especially special relativity plays a significant role in 
quantum entanglement and related quantum technology, 
such as teleportation. This point is obviously justified 
by quantum optics, which is well established on the basis 
of not only quantum theory but also special relativity in 
nature[l|. For example, most of EPR-type experiments 
have been performed by photon pairs 0, Q- In addition, 
experiments of quantum teleportation have also been ex- 
tensively carried out by photons [4, 5]. 

On the other hand, considerable efforts have also been 
expanded on the theoretical investigation of quantum in- 
formation theory in relativistic framework, which has 
gone beyond from photons to electrons, and from ex- 
plicit examples calculated in some specific cases to gen- 
eral framework formulated in relativistic quantum me- 
chanics and even relativistic quantum field theory[6|, |7|, 




review, please refer to .18], However, for Dirac fields, 



previous discussions of relativistic quantum information 
theory are restricted primarily on quantum entanglement 
between spin and momentum degrees of freedom. Only 
recently has quantum entanglement between helicity and 
momentum been systematically formulated and numeri- 
cally analyzed in relativistic framework for the first time 
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in [371 ]. This pioneering work not only sets a starting 
point for further worthwhile investigations along this line, 
but also acquires much importance from the perspective 
of high energy physics. It is the helicity rather than spin 
that is more often under both theoretical consideration 
and experimental detection in high energy physics, since 
the helicity has an advantage in providing a smooth tran- 
sition to the massless case. Although both the helicity 
states and spin states can constitute the basis of Hilbert 
space of one particle, they differ in the way of unitary 
transformation under the action of Lorentz group. As 
a result, the entanglement properties for helicity differs 
remarkably from those for spin after we trace out the mo- 
mentum degree of freedom. Especially, it is found that 
in the sharp momentum limit, unlike the vanishing spin 
entropy, at small velocities of the inertial observer the 
helicity entropy demonstrates a sudden jump onto a con- 
stant value, half of the entropy for the maximal entangled 
Bell states, which may be easily observed in high energy 
physics experiments. 

As a further step along this direction, the purpose of 
this paper is to investigate the explicit difference between 
the reduced spin and helicity density matrix. Especially, 
for a pure one particle state, we find the resultant helicity 
entropy is different from that for spin with respect to the 
same inertial observer. 

Start with a field with positive mass m and spin i, 
we can construct the spin states \p, a) as a complete or- 
thonormal basis for Hilbert space of one particle, where 
p is the four momentum of particle, and a represents the 
spin along the z axis. Similarly, we can also choose the 
helicity states \p; A) to form a complete orthonormal ba- 
sis for the same Hilbert space with the helicity denoted 
by A. The former is usually called spin representation, 
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and the latter is called helicity representation. More- 
over, these spin states and helicity states are related by 
the representation transformation as [38] 



\p; \}=D„ x [R(p)]\p,a). 



(1) 



Here R(ja) is the rotation that carries the z axis into 
the direction p, and D is the spin i irreducible unitary 
representation of Lorentz group, given by 



D[R(p)} 




COS : 



(2) 



with p = (sin cos</>, sin sin 0, cos 6'). Note that the 
spin states and helicity states consider here are observed 
within the same inertial reference frame. 

For a pure one particle state, we can represent it as 
expansion of the spin states, i.e., 



\i>) = 53 / d 3 piP(a,p)\p,a) 



with the normalized condition 



]T />p|v^,p)I 2 = i- 

<y=±V 



(3) 



(4) 



It is noteworthy that this normalized state with a su- 
perposition of various momenta represents a more phys- 
ical reality since a particle has no definite momentum in 
general, although for convenience the momentum eigen- 
states are extensively employed in textbooks on high en- 
ergy physics and quantum field theory. Then the reduced 
spin density matrix associated with the above normalized 
state is obtained by tracing the momentum degree, i.e., 



p = Tr P U){^\] = / d 3 p(p|^)(^| P ) 



(5) 



Here, we have used the orthonormal relation for the spin 
states. 

Next, as mentioned above, \ip) can also be expanded 
by the helicity states as 



J2 f dW(A, P )M). 



(6) 



According to the transformation relation between the 
spin states and helicity states Eq. (TT]), we have 

iP'(\,p)=D^[R(p)ty(a,p), (7) 

which follows the reduced helicity density matrix as 



P 



AA 



{D- X l [R(p)W(a, pW (a, p)D dl [R(p)] | A) (A| } 



(8) 



As an example, consider a particle prepared with the 
spin in z direction, i.e., ip(— ^, p) = 0, which implies that 
the corresponding spin entropy is zero. However, it does 
not mean that the helicity entropy also vanishes for this 
state. By Eq.© and Eq.©, the reduced helicity density 
matrix can be explicitly written as 



//= / d 3 p|^(i,p)| 2 
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(9) 



In particular, for simplicity but without loss of general- 
ity, let tp(^,p) be arbitrary except independent of the 
angle 9, then the reduced helicity density matrix can be 
calculated out as 



P 



(10) 



whose eigenvalues are easy to obtain as p[ = ^ + ^ and 
p' 2 = | — f , respectively. Whence, the helicity entropy 
reads 
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which is obviously positive. 

Note that, in the case considered above, the helicity 
entropy does not depend on the specific form of wave 
function p) in deed. Especially, if we choose i>{\, p) 
to be a Gaussian, i.e., 



^( 2 ,P) 



(12) 



which is a minimum uncertainty state, the helicity en- 
tropy is independent of the distribution width parameter 
r. 

On the other hand, it is noteworthy that the above 
result does not show that the helicity entropy always ex- 
ceeds the corresponding spin entropy for the same state. 
In order to confirm this assertion, we first combine Eq. © 
with Eq. ([8]) to obtain the reduced spin density matrix as 

9 = E f^P 

ad J 

{ AxA [R( P )W (A, p)V/* (A, p)D' x l [R(p)]\a) (a\}, 

(13) 

if the corresponding reduced helicity density matrix reads 
P' = E/ rf 3 P^'(A,p)^(A,p)|A)(A|]. (14) 

AA 

Now consider instead a particle in the eigenstate of he- 
licity with an eigenvalue +^ and isotropic momentum 
distributions such as Gaussian. Obviously, associated 
with this state, the helicity entropy vanishes. However, 
straightforward but lengthy calculations lead to the re- 
duced spin density matrix as 



P= I d 3 p\^(l-,p 



l+cos e 

2 

e 1 * sinS 



2 

1— cos 9 



± 
h 



(15) 
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which follows that the spin entropy takes 1 in terms of 
binary logarithm. Similarly, this result does not rely on 
the specific momentum distribution of right handed he- 
licity state except that isotropy is required here. In ad- 
dition, this resultant spin entropy value implies that spin 
is maximally entangled with momentum for the prepared 
isotropic right handed helicity state. 

In conclusion, although both the helicity states and 
spin states can constitute the basis of Hilbert space for 
one particle, they have significantly distinct dependence 
on momentum degree of freedom and thus demonstrate 
remarkably different properties of entanglement. Thus, 
even if in high energy physics experiments the prepared 
state is a direct product of a function of momentum and 
a function of spin, it is not a direct product of momentum 
and helicity, namely, the helicity and momentum appear 
to be entangled for this state, which means that the mea- 
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ergy physics. In addition, it is found that both helicity 
entanglement for a spin eigenstate and spin entanglement 
for a right handed or left handed helicity states do not 
vanish and their Von Neumann entropy has no depen- 
dence on the specific form of momentum distribution as 
long as it is isotropic. 
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